Abstract. The main goal of this paper is to compute µ(g) and µ nil (g) for each nilpotent Lie algebra g of dimension 6 over a field of characteristic zero k. Here µ(g) and µ nil (g) is the minimal dimension of a faithful representation of g and the minimal dimension of a faithful nilrepresentation of g, respectively. We also give a minimal faithful representation and nilrepresentation for each nilpotent Lie algebra of dimension ≤ 6.
Introduction
In this paper all Lie algebras and representations are finite dimensional over a field k of characteristic zero. Ado's theorem asserts that every Lie algebra has a finite dimensional faithful representation (see for instance [J1, page 202] ). Given a Lie algebra, let µ(g) = min{dim V : (π, V ) is a faithful representation of g}, similarly, let µ nil (g) = min{dim V : (π nil , V ) is a faithful nilrepresentation of g}.
It is clear that µ(g) and µ nil (g) are an invariant integer of g and µ ≤ µ nil . In the theory of Lie algebras, there is a interest in the value of µ(g) of a Lie algebra g. For instance, µ(g) plays an importance role in the theory of the affine crystallographic groups and finitely-generated torsion free nilpotent groups. It is known that for a Lie groups G, if admits a left-invariant affine structure if and only if g = Lie(G) (the Lie algebra of G) admits a leftsymmetric algebra structure (see [Se] or [K] ).
By the other hand, if g admits a left-symmetric algebra structure, this one induces a faithful affine representation α : g → aff(g), called the affine holonomy representation (see [FGH] ). If dim g = n then aff(g) ⊆ gl(n + 1) and we obtain a faithful representation of the Lie algebra g. It follows that µ(g) ≤ n + 1.
In this area, a remarkable example of a Lie group G not admitting any invariant affine structure was given by Yves Benoist in [Be] . He constructed a nilpotent Lie algebra g such that µ(g) > dim g + 1, this result is a counterexample of a well now Milnor conjecture [Mi] (see also [BG] ).
In general, there are no methods to determine these invariants for a given Lie algebra. Moreover, it seems to be very hard to obtain µ(g) for certains Lie algebra g, for instance the free 2-step nilpotent Lie algebra. The µ has been achieved for very few families (see for instance [Be] , [BM] , [CR] , [KB] , [J2] , [R] , [S] ).
Let g be a nilpotent Lie algebra, it is known that µ(g) < 3 √ dim g 2 dim g (see [B2] ). In particular, if g is a nilpotent Lie algebra of dimension ≤ 7, we get g admit a left-symmetric algebra structure then (1.1) µ(g) ≤ dim g + 1.
This result was proved by Y. Benoist (see [Be, Lemma 6] ). By the other hand, the nilpotent Lie algebras of dimension 6 have been classified by different authors (see for instance [Mo] , [Ni] ). In particular, De Graaf [G] give a classification over a fields of characteristic different from 2. If g is a nilpotent Lie algebra of dimension 6, by equation (1.1) we have µ(g) ≤ 7.
This problem is also related to the representation theory of finitely generated nilpotent groups, since it is important to have methods for finding representations by integer matrices of small dimension for this class of groups (see for instance [GN] , [N] ).
Our main result in this paper are the value of µ and µ nil for all nilpotent Lie algebra of dimension 6 over a field k of characteristic zero. Furthermore, we obtain faithful representations and faithful nilrepresentations of minimal dimension for all nilpotent Lie algebras of dimension ≤ 6.
Throughout this paper we use De Graaf's classification given in [G] and in this direction, we prove the following theorem.
Theorem A. According to the notation used in [G] , the values of µ and µ nil for the Lie algebras of dimension 6 over a field k of characteristic zero are
6 6 L 6,24 (ǫ); if α 2 − ǫ = 0 for all α ∈ k. 6 6 Table 1 . µ and µ nil for all nilpotent Lie algebras of dim = 6
The paper is organized as follows. In §3, a minimal faithful representation and a faithful nilrepresentation are given for all nilpotent Lie algebra of dimension ≤ 5. In this direction, we prove the following theorem: Theorem B. According to the notation used in [G] , the values of µ and µ nil for the Lie algebras of dimension 5 are Table 2 . µ and µ nil for all nilpotent Lie algebras of dim = 5
The Theorem B is an extension of results that have been obtained independently in [BNT] .
In §4.2, the upper bound for µ(L 6,j ) is obtained by an explicit faithful representation and faithful nilrepresentation of minimal dimension for all j = 1, . . . , 24 and we give justification for the lower bound for the Lie algebras L 6,j with j = 9, 19, 24.
In §4.3 we proof µ(L 6,19 (ǫ)) for every ǫ ∈ k and in §4.4 we prove the lower bound for µ nil (L 6,9 ) and µ nil (L 6,24 (ǫ)) for every ǫ ∈ k.
Preliminaries
Let us mention some results on finite dimensional representations of nilpotent Lie algebras that will be needed in the following section.
It is a well known theorem of Zassenhaus.
Theorem 2.1. [J1, page 41] Let g be a finite dimensional nilpotent Lie algebra and let (π, V ) be a finite dimensional representation of g. If k is algebraically closed then
An immediate consequence of this result is that every representation of a nilpotent Lie algebra has a Jordan decomposition (see for instance [CR, Theorem 2 
.1 and Theorem 2.2]).
Proposition 2.2. Let g be a finite dimensional nilpotent Lie algebra and let (π, V ) be a finite dimensional representation of g. For each X ∈ g, let π S (X) and π N (X) be, respectively, the semisimple and nilpotent parts of the additive Jordan decomposition of π(X). Then (π S , V ) and (π N , V ) are representation of g. Moreover, if the center z(g) is contained in [g, g] then (π, V ) is faithful if and only if (π N , V ) is faithful.
Corollary 2.3. Let g be a finite dimensional nilpotent Lie algebra such that the center z(g) is contained in [g, g] 
If g is a nilpotent Lie algebra and (π nil , V ) is a nilrepresentation of g, we define the linear mapping π : g ⊕ k → gl(V ) given by π(X, a) = π nil (X) + aI where I is the identity map on V . Since (π nil , V ) is a representation of g, by a straightforward calculation we have (π, V ) is a representation of g ⊕ k and if (π nil , V ) is a faithful then (π, V ) is faithful too. Thus µ(g ⊕ k) ≤ µ nil (g).
Proposition 2.4. Let g be a Lie algebra of finite dimension over a field k of characteristic zero.
(a) If g is an abelian Lie algebra then µ(g) = 2 √ dim g − 1 and µ nil (g) = 2 √ dim g (see for instance [S] , [J2] , [M] ).
3. Minimal faithful representation for nilpotent Lie algebras of dimension at most 5
The brackets, for each Lie algebra g considered bellow, are described in a basis B = {X 1 , . . . , X p , Z 1 , . . . , Z q } such that {Z 1 , . . . , Z q } is a basis of the center z(g) of the Lie algebra g.
The Table 3 contains the classification of all nilpotent Lie algebras of dimension at most 5.
Dim. Lie algebra
Law of the Lie algebra Table 3 . Lie algebras of dim ≤ 5.
The Tables 4 and 5 contain a faithful minimal representation and a faithful minimal nilrepresentation of each Lie algebra of dimension ≤ 5 and in the last columns contains the necessary reference for the lower bound of µ and µ nil . The matrices appearing in the tables stand for
g g g µ µ µ nil µ µ µ faith. nilrep. faith. rep. ref. Table 4 . Lie algebras such that µ < µ nil .
In the Table 5 all the Lie algebras, except L 4,1 and L 5,3 , verify that z(g) ⊆ [g, g]. Then, by Corollary 2.3 we have µ nil (g) = µ(g). Table 5 . Lie algebras such that µ = µ nil .
Lemma 3.1. Let n ∈ N and let g be a Lie subalgebra of n n (k) isomorphic to L 5,9 . Then n ≥ 5.
Proof. Suppose, contrary to our claim, that n = 4. Since g is isomorphic to L 5,9 , we get dim[g, [g, g] ] = 2 and since g is a Lie subalgebra of n 4 (k), we
which is impossible and the proof is complete.
Main Theorem
4.1. Nilpotent Lie algebras of dimension 6. In dimension 6 we used the De Graaf's classification (see [G] ). The brackets, for each Lie algebra L 6,j considered bellow, are described in a basis B = {X 1 , . . . , X p , Z 1 , . . . , Z q } such that {Z 1 , . . . , Z q } is a basis of the center z(L 6,j ) of the Lie algebra L 6,j .
• L 6,j = L 5,j ⊕ k for all j = 1, . . . , 9.
• L 6,10 :
if and only if there is and
α ∈ k * such that δ = α 2 ǫ. • L 6,20 : [X 1 , X 2 ] = X 4 , [X 1 , X 3 ] = X 5 , [X 1 , X 5 ] = Z 1 , [X 2 , X 4 ] = Z 1 . • L 6,21 (ǫ) : [X 1 , X 2 ] = X 3 , [X 1 , X 3 ] = X 4 , [X 2 , X 3 ] = X 5 , [X 1 , X 4 ] = Z 1 , [X 2 , X 5 ] = ǫZ 1 . Isomorphism: L 6,21 (ǫ) ∼ = L 6,21 (δ) if and only if there is and α ∈ k * such that δ = α 2 ǫ. • L 6,22 (ǫ) : [X 1 , X 2 ] = Z 1 , [X 1 , X 3 ] = Z 2 , [X 2 , X 4 ] = ǫZ 2 , [X 3 , X 4 ] = Z 1 Isomorphism: L 6,22 (ǫ) ∼ = L 6,22 (δ)
4.2. Minimal faithful representation and faithful nilrepresentation for the nilpotent Lie algebras of dimension 6. Let t n (k) be the set of upper triangular matrices of size n over a field k. Let k be an algebraically closed field and let (π, V ) be a faithful representation of L 6,j . If dim V = n, by Lie's Theorem there exist a basis B of V such that [π(X)] B ∈ t n (k) for all X ∈ L 6,j . Since dim L 6,j = 6 and L 6,j is a nilpotent Lie algebra, we obtain
Now assume that k is arbitrary (with char(k) = 0) and let g be a Lie algebra over k. Let k be the algebraic closure of k. The tensor product g ⊗ k has a Lie algebra structure with bracket
Note that g ⊗ k could viewed as a Lie algebra over k.
Let (π, V ) be a representation of g. We define the linear mapping π :
Therefore, if g is a nilpotent Lie algebra over a field k of char(k) = 0 by equations (4.1), (4.2) and since µ(g) ≤ µ nil (g) and we get (4.3) 4 ≤ µ(g) and 4 ≤ µ nil (g).
The Tables 6 and 7 contain a faithful minimal representation, and a faithful minimal nilrepresentation, of each the Lie algebra L 6,j for all j = 1, . . . , 26 and in the last columns contains the necessary reference for the lower bound of µ and µ nil . The matrices appearing in the tables stand for 
Table 6. Lie algebras such that µ < µ nil .
In the Table 7 all the Lie algebras, except the Lie algebras L 6,1 , L 6,2 and L 6,7 , verify that z(g) ⊆ [g, g] then, by Corollary 2.3 we have µ nil (g) = µ(g). Table 7 . Lie algebras such that µ = µ nil Remark 4.1. For space reason, we give a minimal faithful representation of the Lie algebra L 6,24 (ǫ) (if there exists a ∈ k such that a 2 − ǫ = 0) in this remark:
4.3. µ and µ nil of L 6,19 (ǫ) for ǫ ∈ k. A basis of the Lie algebra L 6,19 (ǫ) is B = {X 1 , X 2 , X 3 , X 4 , X 5 , Z 1 } such that the brackets are
The Lie algebra L 6,19 (ǫ) and L 6,19 (δ) are isomorphic if and only if there exist α ∈ k * such that (4.5) ǫ = α 2 δ.
Proposition 4.2. Let k be a field of characteristic = 2 then µ nil (L 6,19 (ǫ)) = 4, if ∃α ∈ k * : ǫ + α 2 = 0; 5, if ∀α ∈ k * : ǫ + α 2 = 0;
and µ(L 6,19 (ǫ)) = µ nil (L 6,19 (ǫ)) for all ǫ ∈ k.
First, we prove some useful lemmas. We define the linear mapping π 1 : L 6,19 (ǫ) → gl(5) given by
Proof. We first to prove that π 1 is a representation of L 6,19 (ǫ). Let B = {X 1 , X 2 , X 3 , X 4 , X 5 , Z 1 } be a basis such that verified the Equation (4.4). It By straightforward calculation we have [π(X), π(Y )] coincides with the Equation (4.6). Hence (π 1 , k 5 ) is a representation of the Lie algebra L 6,19 (ǫ). It is clear that π 1 is injective and it complete the proof.
If ǫ = −1, we define the linear mapping π 2 : L 6,19 (−1) → gl(5) given by
Proof. The proof is similar to the proof of Lemma 4.3.
Proof.
[Proof of Proposition 4.2.] By Lemma 4.3, we have µ nil (L 6,19 (ǫ)) ≤ 5, for every ǫ ∈ k. But µ nil (L 6,19 (−1)) ≤ 4, which follows from Lemma 4.4 and by Equation (4.3), we obtain µ nil (L 6,19 (−1)) = 4. Hence, by Engel's Theorem L 6,19 (−1) ∼ = n 4 (k) and from Equation (4.5) we conclude that L 6,19 (ǫ) ∼ = n 4 (k) if and only if there exist α ∈ k * such that ǫ + α 2 = 0. Therefore, if ǫ + α 2 = 0 for all α ∈ k * , we get 5 ≤ µ nil (L 6,19 (ǫ)).
Since z(L 6,19 (ǫ)) ⊆ [L 6,19 (ǫ), L 6,19 (ǫ)] for every ǫ ∈ k and by Corollary 2.3 we have µ(L 6,19 (ǫ)) = µ nil L 6,19 (ǫ). This complete the proof.
From Equation (4.3), we have µ nil (L 6,j ) ≥ 4. Suppose µ nil (L 6,j ) = 4, it is known that L 6,j ∼ = n 4 (k), by Engel's Theorem. Now we combine this and Proposition 4.2 to obtain L 6,j ∼ = L 6,19 (ǫ) for some ǫ ∈ k. Then j = 19, which follows from [G] . Thus (4.7)
5 ≤ µ nil (L 6,j ).
for all j = 19.
4.4. The lower bound of µ nil for L 6,9 and L 6,24 (ǫ) for all ǫ ∈ k. The main object of this subsection is to proof the following theorems.
Theorem 4.5. Let n ∈ N and let g be a Lie subalgebra of n n (k) isomorphic to L 6,9 . Then n ≥ 6.
Theorem 4.6. Let ǫ ∈ k, n ∈ N and let g be a Lie subalgebra of n n (k) isomorphic to L 6,24 (ǫ). Then (1) n = 5 if there exist a ∈ k such that a 2 − ǫ = 0 and ; (2) n ≥ 6 in otherwise.
By Theorems 4.5 and 4.6, we easily obtain the following Corollaries, respectively.
Corollary 4.7. µ nil (L 6,9 ) ≥ 6 Corollary 4.8. Let ǫ ∈ k then µ nil (L 6,24 (ǫ)) ≥ 5, ∃a ∈ k : a 2 − ǫ = 0; 6, in otherwise .
Let B = {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } be a basis of L 6,24 (ǫ) such that the only non-zero brackets are
Remark 4.9. The Lie algebra h generated by the set {X 1 , X 2 , X 3 , Z 1 , Z 2 } verified
for i = 1, 2, 3; j = 1, 2 is a Lie algebra isomorphic to L 5,9 .
In order to prove Theorems 4.5 and 4.6 we need the following results, respectively. Proposition 4.10. Let {X 1 , X 2 , X 3 , Z 1 , Z 2 } ⊆ n 5 (k) be a set linearly independent such that verified Equation (4.8). Let X 4 ∈ n 5 (k) such that [X i , X 4 ] = 0 for i = 1, 2, 3 then X 4 ∈ k{X 1 , X 2 , X 3 , Z 1 , Z 2 }.
Proposition 4.11. Let ǫ ∈ k and let {X 1 , X 2 , X 3 , Z 1 , Z 2 } ⊆ n 5 (k) be a set linearly independent such that verified Equation (4.8). Let X 4 ∈ n 5 (k) such that (1) {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } is a linearly independent and
Then there exists a ∈ k such that a 2 − ǫ = 0.
Proof. [Proof of Theorem 4.5.] Since g is a Lie algebra isomorphic to L 6,9 , we have (a) n ≥ 5, by Equation (4.7) and (b) there exists {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } a basis of g that verified equation
(4.8) and [X i , X 4 ] = [Z j , X 4 ] = 0 for i = 1, 2, 3; j = 1, 2. By Proposition 4.10, we obtain n ≥ 6.
Proof. [Proof of Theorem 4.6.] Since g is a Lie algebra isomorphic to L 6,24 (ǫ), we have (a) n ≥ 5, by equation 4.7 and (b) there exists {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } a basis of g that verified equation
(4.8) and
If n = 5, by Proposition 4.11, there exist a ∈ k such that a 2 − ǫ = 0. It complete the proof.
The remaining of this section is devoted to prove the Propositions 4.10 and 4.11.
Since Lie algebra L 6,9 = L 5,9 ⊕ L 1,1 (see §4.1), we get L 5,9 is a Lie subalgebra of L 6,9 of codimension 1, as in the case L 6,24 (ǫ) for every ǫ ∈ k. Then, if (π, V ) is a faithful representation of L 6,9 , or L 6,24 (ǫ), we have (π | L 5,9 , V ) is a faithful representation of L 5,9 . Hence, in order to prove Propositions 4.10 and 4.11, we need the following results that gives some precise information about the structure of a faithful nilrepresentation (π, k 5 ) of L 5,9 , L 6,9 and L 6,24 (ǫ).
Lemma 4.12. Let V be a vector space over k of dimension 3 and let W be a subspace of V of dimension 2. If B = {v 1 , v 2 , v 3 } is a basis of V then W has a basis of any of the following ways:
Proof. The proof is an straightforward calculation of the linear algebra.
Let {E ij } be the canonical basis of gl(k n ).
Lemma 4.13. Let h be a Lie subalgebra of n 5 (k) isomorphic to L 5,9 . Then the center z(h) is of any of the following ways (1) z(h) = span k {E 14 + cE 25 , E 15 } with c ∈ k; (2) z(h) = span k {E 25 , E 15 }.
Proof. Since h is a Lie subalgebra of n 5 (k) isomorphic to L 5,9 , we have z(h) = [h, [h, h] ] and dim z(h) = 2. Hence z(h) ⊆ span k {E 14 , E 25 , E 15 }. By Lemma 4.12 a basis of z(h) is of any of the following ways: -{E 14 + aE 15 , E 25 + bE 15 } with a, b ∈ k; -{E 14 + cE 25 , E 15 } with c ∈ k; -{E 25 , E 15 }. 
Therefore h is k-step nilpotent Lie algebra with k ≤ 2, which contradicts that h is isomorphic to L 5,9 . The proof is now completed.
Lemma 4.14. Let h be a Lie subalgebra of n 5 (k) isomorphic to L 5,9 . Let
is a basis of h that verified Equation (4.8).
(1) If z(h) = span k {E 14 + cE 25 , E 15 } with c = 0 then y 34 = 0, x 23 = y 23 y 34
x 34 and y 23 (x 12 y 34 − x 34 y 12 ) = 0; The proof is now completed.
Lemma 4.15. Let {X 1 , X 2 , X 3 , Z 1 , Z 2 } ⊆ n 5 (k) be a set linearly independent that verified Equation (4.8). Let Proof. Let h be a Lie algebra generated by {X 1 , X 2 , X 3 , Z 1 , Z 2 }. By Remark 4.9, we have h is a Lie subalgebra of n 5 (k) isomorphic to L 5,9 and the center is z(h) = span k {Z 1 , Z 2 }. By Equation (4.10), we get a 12 = a 23 = a 34 = a 35 = 0. Case (2). Analysis similar to that in the Case (1) with c = 0, shows that a 13 = a 23 = a 34 = 0 and the proof is complete.
We are now in position to prove the Propositions 4.10 and 4.11.
Proof. [Proof of Proposition 4.10.] Let h be the Lie algebra generated by {X 1 , X 2 , X 3 , Z 1 , Z 2 }. By Remark 4.9, we have h is a Lie subalgebra of n 5 (k) isomorphic to L 5,9 and by Lemma 4.13, we have the center z(h) is of any of the following ways
We first assume the case (1). If c = 0, by Lemma 4.14(1) and Lemma 4.15 in the case (1), we get Proof. [Proof of Proposition 4.11.] Let h be the Lie algebra generated by {X 1 , X 2 , X 3 , Z 1 , Z 2 }. By Remark 4.9, we have h is a Lie subalgebra of n 5 (k) isomorphic to L 5,9 and by Lemma 4.13, we have the center z(h) is of any of the following ways (1) z(h) = span k {E 14 + cE 25 , E 15 } with c ∈ k; (2) z(h) = span k {E 25 , E 15 }. We first assume the Case (1). If c = 0, by Lemma 4.14(1) and Lemma 4.15(1), we get By Equation (4.14), we verify computationally that the only solution such that the set {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } ⊆ n 5 (k) is a linearly independent is if there exist a ∈ k such that a 2 − ǫ = 0. Case (2). Analysis similar to that in the Case (1) with c = 0, shows that {X 1 , X 2 , X 3 , X 4 , Z 1 , Z 2 } ⊆ n 5 (k) is a linearly independent is if there exist a ∈ k such that a 2 − ǫ = 0. It complete the proof.
